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DYNAMIC HOLOGRAPHIC GRATINGS IN NEMATIC CELL WITH
PERIODIC BOUNDARY CONDITIONS

DENIS ANDRIENKO, MIKHAILO LEDNEI, IGOR PINKEVICH
Physics Faculty, National University, Kiev, Ukraine

Abstract  Nematic cell with light intensity spatial grating is considered. The
influence of periodic spatial modulation of the director anchoring energy and the
easy orientation axis at the cell surfaces on the director spatial distribution in the
liquid crystal bulk under the action of light is investigated. It is shown that in both
cases the director distribution takes the form of a superposition of the cosine
gratings with periods which are the linear combinations of the light intensity and
boundary condition periods. The Frederiks transition threshold value is calculated
for homeotropic cell with periodic modulation of the anchoring energy.

INTRODUCTION

It is well known that nematic liquid crystals (LCs) possess giant optical nonlinear
susceptibility which gives the opportunity to record dynamic holographic diffraction
gratings'. From another side the interest in anchoring transitions, the easy axes
governing, LCs with non-homogeneous director distribution is growing because of their
extreme importance for the applications™*. The last effects appear due to the
transformations of the boundary conditions in time and space.

In our paper we consider the influence of the periodic spatial change of both the
easy axis orientation at the cell surfaces and the director anchoring energy on the
recording of the dynamic director gratings in the LC bulk by the incident light field with
spatially modulated intensity. For the threshold director reorientation it is obtained the
dependence of the Frederiks transition threshold value on the spatial change of the

director anchoring energy.

SPATIALLY MODULATED EASY ORIENTATION AXIS

The system under consideration is a nematic LC of thickness L restricted with two

[1973)/95
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planes at z - 0. L. Two plane monochromatic light waves with equal amplitudes and
polarization along the same direction in the XOZ plane are incident on the cell making in

consequence of interference in the cell volume the light field in the form

ENF.1) = %[FJ(’(F) exp(— iot) + E(F) exp(ia)t)] (1)
E"F)=E, cos(iz Aqy) exp[i(qxx + q_,z)], E, = F,(cosB,0,~sin B)
namely, the light wave intensity grating is recording with the spatial period 7, =2n/Ag

along the OY axis.

Consider the non threshold director reorientation under the action of the light field
(1) in the case of periodic modulation of the director easy orientation axis on the cell
surfaces along the axis QY putting here for the sake of simplicity the director anchoring

energy with the cell surfaces W = x.

Planar initial alignment of director.
Let the light field (1) propagates along OZ axis (g, =0, = 0). Presenting director as

"= (sin (p( y.z),cos (p( y,z),O) and minimizing the nematic cell free energy under the one-

elastic-constant approximation one can obtain the equation for the director angle cp( v, z)

and the boundary conditions in the form
AQ+ i i cos*(+Agy)sin 2(({),_ +Aq)sin~}i) =0 )
21K : A

Y
¢ oL ¢, t A(P sm’): (3)
Here g, = €, — ¢, is the anisotropy of the dielectric susceptibility, K is the Frank’s elastic

constant, 2ntA is the spatial period of the easy axis modulation. To obtain the equation
(2) we assume the polarization vectors of the ordinary and extraordinary waves follow
the local orientation of director which corresponds to Mauguin limit® Solving (2) one

can obtain the final expression for the director deviation angle (we assume that Ag << 1)
L-:z

Ay 1L
sinh(L/'k) sin A + /((p +¢ ) 4)

A(p[sinh ; +sinh

o' (y.2)= (1 —i)cpo +im +

- z\
¢ :Sm(chL)[Z(z,A‘—q)cos(Aqy)+i(] AZ” (&)
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s cos| 2
0 = Ap ( (pL)[Z(z,ll)sin—y—+Z(z,7u7)sin-)—/~+2Z(z, x)sinlj. Here
2 A, e A
2sinh(z/20)sinh((L - 2)/28) e B 1 1 11
2z, M) =ML LS =TE =t Ag, = A
(1) (/) cosh(L/ZX) 2nK A, )\+ d A, A d

One can see that the initial director distribution with the spatial period 7 =2nA is

modified in the light wave field and the additional dynamic gratings with periods

T,=2n/Aq, 1, = 27:/(7[l + Aq), T, = 271:/(?(' - Aq) appear in the LC bulk.

Homeotropic initial alignment of director.
In the homeotropic case we need the solution of Maxwell equations for the field in the
cell. Assuming the director deviations from the homeotropic alignment are small and the

variation of the light field is smooth at the scale (Aqaa) " we obtain from the linearized

by n.,n, Maxwell equations the next solution

. e & E, . . Lo B .
f=E"—2pE"' E =-"%pL" kK =E"-"°pk" (6)
x X € x 7z ¥ € ¥z z z e xTx
! f'

The variation of the nematic cell free energy and further substitution of the field (6) gives
the equation for director with the boundary conditions similar to the planar ones (3).

Neglecting the terms squared in / we can get the solution in the form

LS —“’-(1—5%7[- —I—Jc (Agy) 7
T LU T ) T A B g Y o

£, Y
n,=n" + 100 ﬁsin: B{R(z, A)sin {- + P(2,2,)sin ?»l, + P(zn,) sin 2

where the functions R(z, X), P(z,2.) are too cumbersome in order to present here.
It is seen that the periodic distortion of the »n_ director component appears in the

LC bulk with the same spatial period as that of the incident field intensity. At the same

time the initial modulation of the n, component is modified in the presence of the field
(1) and the diffraction gratings with the spatial periods 7, = 27r/ (7{‘ + Aq)

I, = 21/(X" ~ Ag) appear in the LC bulk as well.
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SPATIALLY MODULATED ANCHORING ENERGY

Let we have the homeotropically aligned nematic with the initial orientation of director

along the axis OZ and the LC surface free energy in the form®
Fy=-+[w(y)neyds (®)
where € is an easy orientation vector on the cell surfaces, W( y) =W +OL( y) is the

director anchoring energy which depends on the coordinate y, W >0, ‘a( y){ <W
It is convenient to present the director in the nematic cell under the action of the
light field (1) in the form n = {sin <p( y,z),O‘cosw( y,z)}, Then after ordinary variational

procedure one can obtain the following equation and boundary conditions for the angle

o(y,z)
- : A E:
L(p(y.z) = 2% i 2BE; cosz(% Aqy) L=A+ 808#0052[3 cosl(%Aqy) 9)
4nKe, 0 2mKe,,
(;Kjﬂw(y)@)[ 0 (10)
2

EliN

Non threshold director reorientation

Consider the case ia( y)l << W . One can expand the solution to equation (9) into the

eigenfunctions of the operator L and then satisfy the boundary conditions (10). As a

result the solution takes the form

o(y.2)=Y i c cos(mAqy)(sin Az + [;i:f" cos X,,,z] (an

A m=0 m

where A are the solutions to the equation
2W KA

tan AL = ——rt———r
(Kn) - (W)

(12)

0.

a T
Here W, =W+ a,, g’w a,, = %(1 ’%5,,.‘0) J. afy)cos(mAgy)cos(IAgy)dy , T is the
-0 m T

YO A

spatial period of the problem, C;** are the known coefficients in the solution (11) for the
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case a( y) = 0. On substitution of the series (11) into the equation (9) one obtains the
infinite system of equations for the coefficients C?. It can be proved that the ratio
CriICh, = O(l/ mz), thus the series (11) converges absolutely and uniformly. It makes

possible to restrict the consideration to the finite number of equations for . The
diffraction efficiencies of the director dynamic gratings generated in nematic are
proportional to the parameters m, =C: /LO If we restrict our consideration, for

example, to the terms with m<2 the director distribution along the OY axis is
approximately a superposition of the cosine gratings with periods 7, —2n/Aq,
T} =n/Aq. Putting a(y)=ocos(kAgy), B=n/8 and E,<<E" where E" is the
Frederiks transition threshold value one can obtain for the grating with period 7 and the

most intensive director mode in (11) with A =% _, the analytical expression for the

n

diffraction parameter m,. From this follows that the relative change of the 7, due to the
periodic modulation of the anchoring energy is

n-n ok .
% ln.“ 1 :'4ﬁ’ if k=1 a3)

ak T3
WAL T: +4I7"

2y =2 if k=2 (14)

where 1, is the diffraction parameter in the absence of the anchoring energy modulation

(o = 0). It is seen that the diffraction efficiency of the grating depends on the sign of the
quantity o (the phase shift between the modulation waves of the incident light intensity

and the director anchoring energy). If & >3 the value ¥, is considerably smaller than in

the cases of £ =1,2; and if k=05 we get %, = 0.

Frederiks transition threshold value.

Putting P =0 in (1) we can consider the threshold director reorientation and find the

threshold value E” for the arbitrary smooth function a( y)_ The equation (9) is now
homogeneous. Seeking its solution in the form (11) we obtain the infinite system of
homogeneous equations for C”:. One can restrict consideration to the finite number of

equations with any desired accuracy. Then the condition of the non-trivial solution to this
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system gives the equation for the ;"

AqL Agl

FIGURE 1 4 =1 (solid), & = 2 (dashed) FIGURE 2 4 =1 (solid), k= 0.5 (dashed)
a =4(1),8(2). a=al/K a=8(1),-8(2) a=al/K

The numerical solution to this equation for the a( y) = acos(kAcD/ +y) and k=12 (see
Fig. 1) shows that EY reaches the minimum at k=1 and approaches E.'(c.=0) with
the increasing of integer &. We should note that the threshold value does not depend on

the phase shift y. Besides £ = E”(o.=0)in the case of k = Ln where the integer

n =2 The dependence of £ on the Agl for the a( y)= a[cos(kAqu and k=051 is

presented in Fig.2. As one would expect, the threshold value increases with o. For o <0
the minimum of E” is gained at & =05 and for o > 0 E!" approaches /27(c = 0) with

the increasing of integer £.
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